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CONVEXITY AND SMOOTHNESS OF BANACH SPACES WITH
NUMERICAL INDEX ONE
VLADIMIR KADETS, MIGUEL MARTÍN, JAVIER MERÍ, AND RAFAEL PAYÁ
Abstrat. We show that a Banah spae with numerial index one annot
enjoy good onvexity or smoothness properties unless it is one-dimensional.
For instane, it has no WLUR points in its unit ball, its norm is not Fréhet
smooth and its dual norm is neither smooth nor stritly onvex. Atually, these
results also hold if the spae has the (stritly weaker) alternative Daugavet
property. We onstrut a (non-omplete) stritly onvex predual of an innite-
dimensional L1 spae (whih satises a property alled lushness whih implies
numerial index 1). On the other hand, we show that a lush real Banah spae
is neither stritly onvex nor smooth, unless it is one-dimensional. Therefore,
a rih subspae of the real spae C[0, 1] is neither stritly onvex nor smooth.
In partiular, if a subspae X of the real spae C[0, 1] is smooth or stritly
onvex, then C[0, 1]/X ontains a opy of C[0, 1]. Finally, we prove that the
dual of any lush innite-dimensional real spae ontains a opy of ℓ1.
1. Introdution
The lassial formula ‖T ‖ = sup{|〈Tx, x〉| : x ∈ X, ‖x‖ = 1} for the norm
of a self-adjoint operator T on a Hilbert spae X an be rewritten, thanks to the
well-known representation of the dual X∗ as
(1) ‖T ‖ = sup{|x∗(Tx)| : x ∈ X, x∗ ∈ X∗, x∗(x) = ‖x∗‖ = ‖x‖ = 1}.
For a non self-adjoint operator this formula may fail. Nevertheless, there are some
Banah spaes X in whih equality (1) is valid for every bounded linear operator
T on X . As we will explain below, suh spaes are said to have numerial index 1.
Among these spaes are all lassial C(K) and L1(µ) spaes.
Given a real or omplex Banah spae X , we write BX , SX , X
∗
and L(X), to
denote, respetively, the losed unit ball, the unit sphere, the topologial dual and
the Banah algebra of bounded linear operators on X .
The numerial range of an operator T ∈ L(X) is the subset of the base eld
given by
V (T ) = {x∗(Tx) : x∗ ∈ SX∗ , x ∈ SX , x∗(x) = 1},
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and the numerial radius of T is then given by v(T ) = sup{|λ| : λ ∈ V (T )}.
These onepts were independently introdued by F. Bauer [3℄ and G. Lumer [31℄
in the 1960's to extend the lassial eld of values of matries (O. Toeplitz, 1918
[43℄). We refer the reader to the monographs by F. Bonsall and J. Dunan [4, 5℄
for a detailed aount. The numerial index of the spae X (Lumer, 1968 [15℄) is
the onstant n(X) dened by
n(X) := inf{v(T ) : T ∈ L(X), ‖T ‖ = 1}
or, equivalently, the greatest onstant k > 0 suh that k‖T ‖ 6 v(T ) for every
T ∈ L(X). Observe that 0 6 n(X) 6 1 for every Banah spae X , and n(X) = 1
if and only if equality (1) is valid for all operators on X . The reader will nd the
state-of-the-art on numerial indies in the reent survey paper [20℄ to whih we
refer for bakground.
Let us mention here several fats onerning the numerial index whih are rel-
evant to our disussion. Examples of Banah spaes having numerial index 1 are
C(K) spaes, L1(µ) spaes, Lindenstrauss spaes (i.e. isometri preduals of L1(µ)
spaes) [15℄, all funtion algebras [44℄ (for instane, the disk algebra A(D) andH∞),
and nite-odimensional subspaes of C[0, 1] [8℄. Next, one has v(T ∗) = v(T ) for
every T ∈ L(X), where T ∗ is the adjoint operator of T (see [4, 9℄), and it learly
follows that n(X∗) 6 n(X) for every Banah spae X . It has reently been disov-
ered that this inequality an be strit. Atually, in [8, Example 3.1℄ an example
is given of a real Banah spae X suh that n(X) = 1 while n(X∗) = 0. We re-
fer to the very reent paper [34℄ for suient onditions to ensure the equality in
the inequality n(X∗) 6 n(X). Every separable Banah spae ontaining c0 an be
equivalently renormed to have numerial index 1 [7, 4℄, in partiular, this happens
with any losed subspae of c0. On the other hand, there is no innite-dimensional
real reexive spae with numerial index 1 [30℄.
Our main goal in this paper is to study whih onvexity or smoothness properties
are possible for the unit ball of a Banah spae with numerial index 1. At the end of
this introdution we give the neessary denitions of the onvexity and smoothness
properties we use along the paper. A diulty with suh a study is that the property
of having numerial index 1 deals with all operators on the spae and we do not
know of any haraterization of it in terms of the spae and its suessive duals.
The previous solutions to this diulty have been to deal with either weaker or
stronger geometrial properties. Let us briey give an aount of some of them.
Let X be a real or omplex Banah spae.
(a) X is said to be a CL-spae if BX is the absolutely onvex hull of every
maximal onvex subset of SX .
(b) We say that X is an almost-CL-spae if BX is the losed absolutely onvex
hull of every maximal onvex subset of SX .
(c) X is lush if for every x, y ∈ SX and every ε > 0, there is a slie
S = S(x∗, ε) := {z ∈ BX : Rex∗(z) > 1− ε}
with x∗ ∈ SX∗ suh that x ∈ S and dist (y, aco(S)) < ε, where aco(S)
denotes the absolutely onvex hull of the set S.
(d) X has numerial index 1 (n(X) = 1 in short) if v(T ) = ‖T ‖ for every
T ∈ L(X).
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(e) We say that X has the alternative Daugavet property provided that every
rank-one operator T ∈ L(X) satises v(T ) = ‖T ‖. The same equality is
then satised by all weakly ompat operators on X [36, Theorem 2.2℄.
The impliations (a) =⇒ (b) =⇒ (c) and (d) =⇒ (e) are lear and none of them
reverses (see [8, 3 and 7℄ for a detailed aount). Also, (c) =⇒ (d) by [8, Propo-
sition 2.2℄.
Some additional omments on the above properties may be in plae. CL-spaes
where introdued in 1960 by R. Fullerton [17℄ and it was later shown that a nite-
dimensional Banah spae has numerial index 1 if and only if it is a CL-spae
([38, Theorem 3.1℄ and [27, Corollary 3.7℄). Therefore, the above ve properties
are equivalent in the nite-dimensional ase. All C(K) spaes as well as real L1(µ)
spaes are CL-spaes, while innite-dimensional omplex L1(µ) spaes are only
almost-CL-spaes (see [37℄). Almost-CL-spaes rst appeared without a name in
the memoir by J. Lindenstrauss [28℄ and were further disussed by Å. Lima [26, 27℄
who showed that real Lindenstrauss spaes (i.e. isometri preduals of L1(µ)) are CL-
spaes [26, 3℄ and omplex Lindenstrauss spaes are almost-CL-spaes [27, 3℄. The
disk algebra is another lassial example of an almost-CL-spae [5, Theorem 32.9℄.
More information an be found in [9, 32, 37, 41℄.
Lush spaes were introdued reently [8℄ and they were the key to provide an
example of a Banah spae X suh that n(X∗) < n(X) and to estimate the polyno-
mial numerial index of some spaes [10, 23℄. We refer to [7℄ for haraterizations
and examples of lush spaes. Among the advantages of the onept of lushness are
that this property is separably determined [7, Theorem 4.2℄ and that it gives many
new examples of Banah spaes with numerial index 1. Namely, C-rih subspaes
of C(K) are lush and so they have numerial index 1 [8, Theorem 2.4℄. A losed
subspae X of a C(K) spae is said to be C-rih if for every nonempty open subset
U of K and every ε > 0, there is a positive funtion h ∈ C(K) of norm 1 with
support inside U suh that the distane from h to X is less than ε. This deni-
tion overs nite-odimensional subspaes of C[0, 1] [8, Proposition 2.5℄, so they are
lush. Also, all funtion algebras are lush (see [7, Example 2.4℄ and [44, 3℄).
The alternative Daugavet property was introdued and haraterized in [36℄ but,
in an equivalent way, the property dening it had appeared in some papers of the
1990's. The name omes from the fat that an operator T on a Banah spae X
satises v(T ) = ‖T ‖ if and only if ‖Id + ω T ‖ = 1 + ‖T ‖ for some ω ∈ T (T being
the set of modulus one salars) [15℄, that is, the operator S = ω T satises the
so-alled Daugavet equation ‖Id + S‖ = 1+ ‖S‖. Therefore, X has the alternative
Daugavet property if and only if every rank-one operator (equivalently, every weakly
ompat operator) satises the Daugavet equation up to rotation. We refer to the
already ited paper [36℄ and to [33℄ for more information and bakground. Let us
omment that Banah spaes with the Radon-Nikodým property and the alternative
Daugavet property are atually almost-CL-spaes [32℄. Asplund spaes with the
alternative Daugavet property are lush, but they need not be almost-CL-spaes [8,
Example 2.4℄.
The main question in this paper, not yet solved, is whether a Banah spae X
with n(X) = 1 an be smooth or stritly onvex. Two remarks are pertinent. First,
even though the exat value of n(ℓ2p) is not known for p 6= 1, 2,∞ (see [35℄), it is
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known that the set
{
n
(
ℓ2p
)
: 1 < p <∞}
ontains all possible values of the numerial index exept 1 [15℄. Thus, the question
above only makes sense for the value 1. Seond, it is lear that an almost-CL-spae
annot be stritly onvex (almost-CL-spaes are somehow the extremely opposite
property to strit onvexity), and it has reently been shown that a real almost-
CL-spae annot be smooth [9, Theorem 3.1℄.
Let us summarize the main results in this paper. Setion 2 is devoted to show
that a Banah spae with the alternative Daugavet property and dimension greater
than one has no WLUR points in its unit ball, its norm is not Fréhet smooth and
its dual norm is neither stritly onvex nor smooth. Next, in 3 we onstrut a
non-omplete predual of an L1(µ) spae whih is stritly onvex. This spae is lush
(extending this denition to general normed spaes literally), while its ompletion
is an almost-CL-spae. The aim of setion 4 is to show that separable lush spaes
atually satisfy a stronger property: there is a norming subset K˜ of SX∗ suh that
for every x∗ ∈ K˜ and every ε > 0, one has
BX = aco
(
S(x∗, ε)
)
.
In the real ase, it is atually true that BX is the losed absolutely onvex hull
of the (non-empty) fae generated by x∗. This implies that a real lush Banah
spae is neither stritly onvex nor smooth, unless it is one-dimensional. Therefore,
a C-rih subspae of the real spae C[0, 1] is neither stritly onvex nor smooth,
and this answers a question of M. Popov from 1996. In partiular, if a subspae
X of the real spae C[0, 1] is smooth or stritly onvex, then C[0, 1]/X ontains a
opy of C[0, 1]. We devote 5 to some loalizations of onvexity and smoothness
properties. Namely, it was asked in [20, Problem 13℄ whether a Banah spae X
with n(X) = 1 satises that |x∗(x)| = 1 for every x ∈ ext(BX) (the set of extreme
points in BX ) and every x
∗ ∈ ext(BX∗), as it happens in the nite-dimensional ase
[38℄ (a positive answer would lead to the impossibility of having a stritly onvex
spae with numerial index 1 other than the one-dimensional one). But atually,
we onstrut examples of separable lush spaes where this does not happen, giving
a negative answer to the ited problem. On the other hand, we show that for lush
spaes, |x∗(x)| = 1 for every x∗ ∈ ext(BX∗) and every w∗-extreme point, whih
gives us that a lush spae whih is WMLUR has to be one-dimensional.
We nish the introdution with the denitions and notations of the onvexity
and smoothness properties that we need throughout the paper. We refer the reader
to the books [11, 12℄ and the papers [2, 24℄ for more information and bakground.
The norm of a real or omplex Banah spae X (or X itself) is said to be smooth
if for every x ∈ SX , there is a unique norm-one funtional x∗ suh that x∗(x) = 1.
The spae X is said to be stritly onvex when ext(BX) = SX . It is well known
that X is smooth (resp. stritly onvex) if X∗ is stritly onvex (resp. smooth), but
the onverse is not true. We say that the norm of X is Fréhet smooth when the
norm of X is Fréhet dierentiable at any point of SX . By the Smulyan test, the
norm of X is Fréhet smooth if and only if every funtional x∗ ∈ SX∗ whih attains
its norm is w∗-strongly exposed (i.e. there is x ∈ SX suh that for every sequene
(x∗n) in BX∗ suh that x
∗
n(x) −→ 1 = x∗(x) one has x∗n −→ x∗ in norm).
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An x ∈ SX is said to be a point of loal uniform rotundity (LUR point) if
‖xn−x‖ −→ 0 for every sequene (xn) in SX suh that ‖xn+x‖ −→ 2. If for every
sequene (xn) of SX with ‖xn + x‖ −→ 2 one only has that xn −→ x in the weak
topology, we say that x is a point of weakly loal uniform rotundity (WLUR point).
A point x in SX is said to be (weakly) midpoint loally uniformly rotund or
MLUR (resp. WMLUR) if for any sequene (yn) in BX , limn ‖x± yn‖ 6 1 implies
limn ‖yn‖ = 0 (limn yn = 0 in the weak topology). A point x of BX is alled
weak
∗
-extreme if it is an extreme point of BX∗∗ . Every WMLUR point of BX is
a weak
∗
-extreme point of BX (see [18, p. 674℄ and [24, p. 173℄). We say that the
norm of X is MLUR (WMLUR) if every point in SX is MLUR (WMLUR).
2. Prohibitive results for the alternative Daugavet property
The aim in this setion is to show that there are some onvexity and smoothness
properties whih are inompatible with the alternative Daugavet property and so,
they are inompatible with the numerial index 1. We start with smoothness and
strit onvexity of the dual norm.
Theorem 2.1. Let X be a Banah spae with the alternative Daugavet property
and dimension greater than one. Then, X∗ is neither smooth nor stritly onvex.
Proof. Sine the dimension of X is greater than 1, we may nd x0 ∈ SX and x∗0 ∈
SX∗ suh that x
∗
0(x0) = 0. Then, we onsider the norm-one operator T = x
∗
0 ⊗ x0,
whih satises T 2 = 0. On the other hand, thanks to [1, Theorem 1.2℄, there is a
sequene of norm-one operators (Tn) onverging in norm to T and suh that the
adjoint of eah of them attains its numerial radius. Moreover, we may suppose
that all the Tn's are ompat by [1, Remark 1.3℄. Sine X has the alternative
Daugavet property, we get
v(T ∗n) = v(Tn) = ‖Tn‖ = 1.
As the operators T ∗n attain their numerial radius, for every positive integer n, we
may nd λn ∈ T and (x∗n, x∗∗n ) ∈ SX∗ × SX∗∗ suh that
(2) λn x
∗∗
n (x
∗
n) = 1 and
[
T ∗∗n (x
∗∗
n )
]
(x∗n) = x
∗∗
n (T
∗
n(x
∗
n)) = 1.
If X∗ is smooth, we dedue that
T ∗∗n (x
∗∗
n ) = λn x
∗∗
n
(
n ∈ N).
Thus, ∥
∥
∥[T ∗∗n ]
2
(x∗∗n )
∥
∥
∥ = ‖λ2n x∗∗n ‖ = 1 (n ∈ N).
But, sine Tn −→ T and T 2 = 0, we have that [T ∗∗n ]2 −→ 0, a ontradition.
If X∗ is stritly onvex, we dedue from (2) that
T ∗n(x
∗
n) = λn x
∗
n
(
n ∈ N),
whih leads to a ontradition the same way as before. 
As a onsequene of the above result, we get that n(H1) < 1, whereH1 represents
the Hardy spae. Atually, we have more.
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Example 2.2. Let X be C(T)/A(D). Then, its dual X∗ = H1 is smooth (see
[19, Remark IV.1.17℄, for instane), so X does not have the alternative Daugavet
property by Theorem 2.1 and neither does X∗ = H1. In partiular, n(X) < 1 and
n(X∗) < 1.
Remarks 2.3.
(a) The proof of Theorem 2.1 an be adapted to yield the following result.
Let X be a Banah spae with the alternative Daugavet property and suh
that the set of ompat operators attaining its numerial radius is dense in
the spae of all ompat operators. Then, X is neither stritly onvex nor
smooth, unless it is one-dimensional. Indeed, we may follow the proof of
Theorem 2.1 (without onsidering adjoint operators) to get the result.
(b) It is known that for Banah spaes with the Radon-Nikodým property, the
set of ompat operators attaining their numerial radius is dense in the
spae of all ompat operators [1, Theorem 2.4℄. Therefore, we get that
a Banah spae having the Radon-Nikodým property and the alternative
Daugavet property is neither smooth nor stritly onvex, unless it is one-
dimensional.
() Atually, the above result was essentially known. Namely, if X has the
alternative Daugavet property and the Radon-Nikodým property, then X
is an almost-CL-spae [32, Theorem 1℄. It is lear that a (non-trivial)
almost-CL-spae annot be stritly onvex. On the other hand, the fat
that a non-trivial real almost-CL-spae annot be smooth follows from a
very reent result [9, Theorem 3.1℄.
(d) The fat that there are Banah spaes in whih the set of numerial radius
attaining operators is not dense in the spae of all operators was disovered
in 1992 [39℄. Nevertheless, we do not know of any Banah spae for whih
the set of ompat operators whih attain their numerial radius is not
dense in the spae of all ompat operators.
(e) Let us omment that it is also an open problem whether a Banah spae
with the Daugavet property an be smooth or stritly onvex. We reall
that a Banah spae has the Daugavet property if ‖Id + T ‖ = 1 + ‖T ‖
for every rank-one operator T ∈ L(X) [22℄. It is lear that the Daugavet
property implies the alternative Daugavet property (and the onverse result
is not true). Therefore, an example of a smooth or stritly onvex Banah
spae with the Daugavet property would give an example of a Banah
spae where the rank-one operators annot be approximated by ompat
operators attaining the numerial radius.
More prohibitive results for the alternative Daugavet property are the following.
Proposition 2.4. Let X be a Banah spae with the alternative Daugavet property.
Then, BX fails to ontain a WLUR point, unless X is one-dimensional.
Proof. Let x0 ∈ SX be a WLUR point. If the dimension of X is greater than 1,
there is x∗0 ∈ SX∗ suh that x∗0(x0) = 0. Then, the rank-one operator T = x∗0 ⊗ x0
satises ‖T ‖ = 1 and so, v(T ) = 1. Therefore, we may nd sequenes (xn) in SX
and (x∗n) in SX∗ suh that
x∗n(xn) = 1 and |x∗n(x0)| |x∗0(xn)| = |x∗n(Txn)| −→ 1.
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Therefore, we get |x∗n(x0)| −→ 1 and |x∗0(xn)| −→ 1. If for every n ∈ N we take
λn ∈ T suh that x∗n(x0) = λn |x∗n(x0)|, we have
2 > ‖x0 + λn xn‖ > |x∗n(x0 + λn xn)| −→ 2.
So, being x0 a WLUR point, we get that (λn xn) −→ x0 in the weak topology,
whih ontradits the fat that |x∗0(xn)| −→ 1. 
The above result is not true if we replae the WLUR point by a point of Fréhet
smoothness. For instane, n(c0) = 1 but the norm of c0 is Fréhet dierentiable at a
dense subset of Sc0 sine c0 is Asplund. But it is not diult to show that a Banah
spae with the alternative Daugavet property annot have a Fréhet smooth norm,
unless it is one-dimensional.
Proposition 2.5. Let X be a Banah spae with the alternative Daugavet property.
Then, the norm of X is not Fréhet smooth, unless X is one-dimensional.
Proof. Using [30, Lemma 1℄, we have that |x∗∗(x∗)| = 1 for every x∗∗ ∈ ext(BX∗∗)
and every w∗-strongly exposed point x∗ of BX∗ . Now, if the norm of X is Fréhet-
smooth, then every funtional on SX∗ attaining its norm is w
∗
-strongly exposed
(see [11, Corollary I.1.5℄ for instane). Sine, by the Bishop-Phelps Theorem, we
have that the set of norm-attaining norm-one funtionals is (norm) dense on SX∗ ,
we get that
|x∗∗(x∗)| = 1
for all x∗∗ ∈ ext(BX∗∗) and all x∗ ∈ SX∗ . This learly leads to the fat that X is
one-dimensional. 
3. A nonomplete stritly onvex lush spae
The aim of this setion is to onstrut an example of a non-omplete innite-
dimensional stritly onvex normed spae with numerial index 1 (atually lush).
As we will see, its ompletion is very far away from being stritly onvex. In the
next setion, we will show that atually no real lush omplete spae an be stritly
onvex.
We need some denitions and preliminary results.
Denitions 3.1. Let ||| · ||| and ‖ · ‖ be two norms on a linear spae X and ε > 0.
We say that ||| · ||| is ε-equivalent to ‖ · ‖ if
1
1 + ε
‖x‖ 6 |||x||| 6 (1 + ε)‖x‖ (x ∈ X).
A property P of normed spaes is said to be a stable C-property, if C[0, 1] ∈ P and
for every Banah spae X the following ondition is suient for X ∈ P :
for every ε > 0 and for every nite subset F ⊂ X , there is a subspae Y ⊂ X , suh
that F ⊂ Y and Y possesses an ε-equivalent norm ‖ · ‖ε with (Y, ‖ · ‖ε) ∈ P .
It is immediate that lushness and the alternative Daugavet property are stable
C-properties.
We are now ready to state the main result to get the example.
Theorem 3.2. For every stritly onvex separable Banah spae Y0, there is a
stritly onvex separable normed spae X ⊃ Y0 possessing all stable C-properties.
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We will need the following surely well-known lemma.
Lemma 3.3. Let Y be a stritly onvex losed subspae of a separable Banah spae
X. Then for every ε > 0, there is an ε-equivalent stritly onvex norm ||| · ||| on X
whih oinides with the original one on Y .
Proof. The existene of a norm p satisfying all onditions of this statement exept
being ε-equivalent to the original one is well known (see for example [11, p. 84℄
or [42, Theorem 1.1℄). Then, for suiently small t > 0, the norm |||x||| := (1 −
t)‖x‖+ tp(x) will be the one whih we need. 
Proof of Theorem 3.2. We are going to onstrut a sequene of separable stritly
onvex Banah spaes (Xn) with the following properties:
(i) X1 = Y0.
(ii) Xn is a subspae of Xm for n < m.
(iii) For every n ∈ N there is a 1n -equivalent norm ‖ · ‖n on Xn with (Xn, ‖ · ‖n)
being isometri to C[0, 1].
Sine X1 is already known, the only thing we need for this onstrution is to show
how to get Xm+1 from Xm. Let us x m ∈ N. Sine Xm is separable, we an
(and do so) onsider Xm as a subspae of C[0, 1]. Aording to Lemma 3.3, there
is an ( 1m )-equivalent stritly onvex norm ||| · ||| on C[0, 1] whih oinides with the
original norm on Xm. Put Xm+1 =
(
C[0, 1], ||| · |||), and the original norm of C[0, 1]
plays the role of ‖ · ‖n in the ondition (iii). So the onstrution is ompleted.
What remains to omplete the proof itself is to put X =
⋃
m∈NXm. Then, for
every ε > 0 and for every nite subset F ⊂ X , one an nd n ∈ N suh that
1
n < ε and F ⊂ Xn. Sine ‖ · ‖n is ε-equivalent to the norm of Xn, we get the
requirement. 
Sine lushness is a stable C-property, we get the desired example.
Example 3.4. There are normed lush spaes whih are stritly onvex.
We are going to show that the ompletions of the above examples (whih are of
ourse also lush) are not stritly onvex. Atually, they are almost-CL-spaes.
Following Bourgain's book [6℄, we say that a Banah spae X is an L∞1+-spae if
for any nite-dimensional subspae E of X and every ε > 0, there is another nite-
dimensional subspae F of X ontaining E suh that the Banah-Mazur distane
between F and ℓ
(dim(F ))
∞ is less than 1+ε. It is well known [25℄ that this property is
equivalent to the fat that X∗ is isometrially isomorphi to an L1(µ) spae. The
ompletions of the spaes onstruted in Theorem 3.2 are L∞1+-spaes, so they are
preduals of L1(µ) spaes. In the real ase, it is known that preduals of L1(µ) spaes
are almost-CL-spaes (see [28, Theorem 4.8℄ or [27, Corollary 3.6℄). Atually, the
same is true for the omplex ase. We inlude here a proof of this fat sine we
have been unable to nd it in the literature.
Proposition 3.5. Let X be a (real or omplex) Banah spae suh that X∗ is
isometrially isomorphi to an L1(µ) spae. Then, X is an almost-CL-spae.
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Proof. If we onsider a maximal onvex subset F of BX , the Hahn-Banah and
Krein-Milman theorems ensure that there is an extreme point f of the unit ball of
X∗ = L1(µ) suh that
F = F (f) := {x ∈ BX : f(x) = 1}.
We observe that the linear span of an extreme point f in the unit ball of an L1(µ)
spae is an L-summand (i.e. L1(µ) = lin(f)⊕1Z for some losed subspae Z). So, a
result by Å. Lima [27, Theorem 5.3℄ says that F (f) is not empty (we already knew
it) and that BX is the losure of aco(F (f)). This shows that X is an almost-CL-
spae. 
As a immediate onsequene of this result we get the following.
Corollary 3.6. The ompletions of the non-omplete lush stritly onvex normed
spaes onstruted in Theorem 3.2 are almost-CL-spaes and, therefore, they are
not stritly onvex.
We nish the setion by remarking that the arguments of the onstrution given
in Theorem 3.2 annot be adapted for smoothness, sine a smooth norm on a
subspae annot always be extended to the whole spae (see [11, Theorem 8.3℄).
4. Separable lush spaes
We have seen in the previous setion that the ompletions of the normed stritly
onvex lush spaes onstruted are not stritly onvex by showing that they are
almost-CL-spaes. We annot expet that every Banah spae with numerial index
1 is an almost-CL-spae sine there are lush spaes whih do not full this property
[8, Example 3.4℄. Nevertheless, our aim here is to show that, in the separable ase,
lush spaes atually have a muh stronger property whih in the real ase is very
lose to being an almost-CL-spae and whih will allow us to show that a real lush
spae annot be stritly onvex, unless it is one-dimensional.
We need a haraterization of lushness given in [7℄ in terms of a norming subset
of SX∗ . Also, to arry some onsequenes to the non-separable ase, we need a
result of the same paper saying that lushness is a separably determined property.
We state both results here for easier referene.
Proposition 4.1 ([7, Theorems 4.1 and 4.2℄). Let X be a Banah spae.
(a) The following assertions are equivalent:
(i) X is lush .
(ii) For every x, y ∈ SX and for every ε > 0 there is a slie S = S(x∗, ε) ⊂
BX , x
∗ ∈ ext(BX), suh that
x ∈ S and dist (y, aco(S)) < ε
(i.e. x∗ in the denition of lushness an be hosen from ext(BX)).
(b) The following two onditions are equivalent:
(i) X is lush,
(ii) Every separable subspae E ⊂ X is ontained in a separable lush sub-
spae Y , E ⊂ Y ⊂ X.
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The following lemma, whih will be the key to prove the main result of the
setion, will be also useful in setion 5 and does not depend upon the separability
of the spae.
Lemma 4.2. Let X be a lush spae and let K ⊂ BX∗ be the weak* losure of
ext(BX∗) endowed with the weak* topology. Then, for every y ∈ SX , there is a
Gδ-dense subset Ky of K suh that y ∈ aco(S(y∗, ε)) for every ε > 0 and every
y∗ ∈ Ky.
Proof. Fix y ∈ SX . For every n,m ∈ N, we onsider
Ky,n,m := {x∗ ∈ K : dist (y, aco(S(x∗, 1/n))) < 1/m}.
Claim. Ky,n,m is weak*-open and dense in K.
In fat, openness is almost evident: if x∗ ∈ Ky,n,m, then there is a nite set
A = {a1, . . . ak} of elements of S(x∗, 1/n) suh that dist (y, aco(A)) < 1/m. Denote
U := {y∗ ∈ K : Re y∗(ai) > 1− 1/n for all i = 1, . . . , k}.
U is a weak*-neighborhood of x∗ in K, and A ⊂ S(y∗, 1/n) for every y∗ ∈ U . This
means that dist (y, aco(S(y∗, 1/n))) < 1/m for all y∗ ∈ U , i.e. U ⊂ Ky,n,m.
To show density of Ky,n,m in K, it is suient to demonstrate that the weak*
losure of Ky,n,m ontains every extreme point x
∗
of SX∗ . Sine weak*-slies form
a base of neighborhoods of x∗ in BX∗ (see [16, Lemma 3.40℄, for instane), it is
suient to prove that every weak*-slie S(x, δ), δ ∈ (0,min{1/n, 1/m}), inter-
sets Ky,n,m, i.e. that there is a point y
∗ ∈ S(x, δ) ∩ Ky,n,m. Whih property of
y∗ do we need to make this true? We need that y∗(x) > 1 − δ, y∗ ∈ K, and
that dist (y, aco(S(y∗, 1/n))) < 1/m. But the existene of suh a y∗ is a simple
appliation of item (ii) from Proposition 4.1.(a). The laim is proved.
Now, we onsider Ky =
⋂
n,m∈NKy,n,m, whih is a weak*-dense Gδ subset of K
due to the Baire theorem. 
We are now ready to state and prove the main result of the setion.
Theorem 4.3. Let X be a separable lush spae. Then, there is a norming subset
K˜ of SX∗ suh that BX = aco(S(x∗, ε)) for every ε > 0 and for every x
∗ ∈ K˜. The
last ondition implies that
|x∗∗(x∗)| = 1 (x∗∗ ∈ ext(BX∗∗), x∗ ∈ K˜
)
,
and that in fat K˜ ⊂ ext(BX∗).
Proof. We selet a sequene (yn) dense in SX in suh a way that every element of
the sequene is repeated innitely many times, and onsider K˜ =
⋂
n∈NKyn . Due to
the Baire theorem, K˜ is a weak*-dense Gδ subset of K. This implies that for every
x ∈ SX and for every ε > 0 there is an x∗ ∈ K˜, suh that x ∈ S(x∗, ε) (i.e. K˜ is
1-norming). For x∗0 ∈ K˜ and ε > 0 xed, the inequality dist (yn, aco(S(x∗0, 1/n))) <
1/n holds true for all n ∈ N. Selet an N > 1/ε. Then, for every n > N we have
dist (yn, aco(S(x
∗
0, ε))) < 1/n. Sine every element of the sequene (yn) is repeated
innitely many times, this means that dist (yn, aco(S(x
∗
0, ε))) = 0. So the losure
of aco(S(x∗0, ε)) ontains the whole ball BX . Then,
BX∗∗ = BX
w∗ ⊆ aco(S(x∗0, ε))
w∗
.
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Finally, the reversed Krein-Milman theorem gives us that
ext(BX∗∗) ⊂ TS(x∗0, ε)
w∗
,
and the arbitrariness of ε > 0 gives us
|x∗∗(x∗0)| = 1
(
x∗∗ ∈ ext(BX∗∗)
)
. 
We do not know whether the statement of the theorem is true in the non-
separable ase.
Remark 4.4. From the proof of the above theorem it follows that the set K˜ is
atually a Gδ-dense subset of the weak* losure of ext(BX∗) endowed with the
weak* topology.
As a onsequene of the above theorem and results of Å. Lima [27℄, we get the
following interesting version valid in the real ase.
Corollary 4.5. Let X be a lush real separable spae. Then, there is a subset A of
SX∗ norming for X suh that for every a
∗ ∈ A one has
BX = aco
({x ∈ SX : a∗(x) = 1}
)
.
Proof. By the above theorem, there is a subset A of SX∗ norming for X suh that
|x∗∗(a∗)| = 1 (x∗∗ ∈ ext(BX∗∗), a∗ ∈ A
)
.
Now, Theorems 3.1 and 3.5 of [27℄ give us that eah a∗ ∈ A attains its norm on X
and, moreover, that the losed absolutely onvex hull of the points of BX where a
∗
attains its norm is the whole ball BX , as laimed. 
Corollary 4.6. Let X be a real Banah spae whih is lush. Then, X is neither
stritly onvex nor smooth, unless it is one-dimensional.
Proof. IfX is a lush spae, then every separable losed subspae Z ofX is ontained
in a separable lush subspae Y by Proposition 4.1.(b), and Corollary 4.5 provides
us with a fae F of BY suh that BY = co(F ∪ −F ). If Y is not one-dimensional,
then F ontains at least two distint points y1, y2 and
1
2 (y1 + y2) ∈ F ⊂ SY is
not extreme. On the other hand, if Y is not one-dimensional, following the proof
of [9, Theorem 3.1℄, we get that the smooth points of F are exatly the norm-one
elements of the one generated by F whih are not support points of the one. But
then, the Bishop-Phelps theorem provides us with (norm-one) support points of
suh a one (see [40, Theorem 3.18℄ for instane). Then, F and so SY ontains
non-smooth points. Therefore, Y is not smooth, all the more X . 
We do not know whether the above two results are true in the omplex ase.
We do not know either whether there are real stritly onvex Banah spaes with
numerial index 1 others than R.
As a onsequene of the orollary above, we get a negative answer to a problem
by M. Popov, whih he posed to the rst author in 1996 while disussing the still
open problem on the existene of a stritly onvex Banah spae with the Daugavet
property.
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Corollary 4.7. A C-rih losed subspae of the real spae C[0, 1] is neither stritly
onvex nor smooth.
It is known that a subspae X of C[0, 1] is C-rih whenever C[0, 1]/X does not
ontain a opy of C[0, 1] (see [21, Proposition 1.2 and Denition 2.1℄). Therefore,
the following is a partiular ase of the above proposition.
Corollary 4.8. Let X be a losed subspae of the real spae C[0, 1]. If X is smooth
or stritly onvex, then C[0, 1]/X ontains an isomorphi opy of C[0, 1].
Finally, another interesting onsequene of Theorem 4.3 is the following.
Corollary 4.9. Let X be an innite-dimensional real Banah spae whih is lush.
Then X∗ ontains an isomorphi opy of ℓ1.
Proof. IfX is lush, by Proposition 4.1.(b), there is an innite-dimensional separable
losed subspae Y of X whih is lush. Then, by Theorem 4.3, there is a norming
subset K˜ of SY ∗ (in partiular, K˜ is innite) suh that
|y∗∗(y∗)| = 1 (y∗∗ ∈ ext(BY ∗∗), y∗ ∈ K˜
)
.
Now, Proposition 2 of [30℄ shows that Y ∗ ontains either c0 or ℓ1. But a dual spae
ontains ℓ∞ (hene also ℓ1) as soon as it ontains c0 (see [13, Theorem V.10℄ or [29,
Proposition 2.e.8℄, for instane). Finally, if Y ∗ ontains a opy of ℓ1, then so does
X∗ (see [14, p. 11℄, for instane). 
The above orollary has already been known for real spaes with numerial in-
dex 1 whih are Asplund or have the Radon-Nikodým property [30℄, and for real
almost-CL-spaes [37℄.
5. Extreme points of the unit ball
The fat that a nite-dimensional stritly onvex Banah spae with numerial
index 1 has to be one-dimensional is a diret onsequene of an old result by C. M-
Gregor [38℄. Namely, if X is a nite-dimensional Banah spae with n(X) = 1, then
|x∗(x)| = 1 (x∗ ∈ ext(BX∗), x ∈ ext(BX)
)
.
In [20, Problem 13℄ it was asked whether the above result is also true in the innite
dimensional ase. There are two goals in this setion. On the one hand, we will
show that this is not the ase. We present two examples of lush spaes (atually,
C-rih subspaes of C(K)) suh that there are x∗0 ∈ ext(BX∗) and x0 ∈ ext(BX)
with |x∗0(x0)| = 0. On the other hand, we will show that suh an example is not
possible when the point x0 is atually extreme in BX∗∗ . In partiular, we obtain
that a lush spae whih is MLUR or WMLUR must be one-dimensional.
Let us start with the rst two examples. We give two dierent onstrutions, one
for both the real and the omplex ase and another one for the omplex ase only,
showing that the answer to the already mentioned Problem 13 of [20℄ is negative.
Example 5.1. There is a C-rih subspae X of the spae C[0, 1] (hene X is lush)
and there are f0 ∈ ext(BX) and x∗0 ∈ ext(BX∗) satisfying x∗0(f0) = 0.
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Proof. Let us x a funtion f0 ∈ C[0, 1] suh that ‖f0‖ = 1, f0(t) = 0 for t ∈
(0, 1/3), and f0(t) = 1 for t ∈ (2/3, 1). We selet a sequene of intervals ∆n ⊂ [0, 1],
|∆n| < 1/3, suh that for every (a, b) ⊂ [0, 1] there is a ∆j ⊂ (a, b). Also, x a
null sequene (εn), εn > 0. Now one an easily onstrut funtions fn ∈ C[0, 1],
n ∈ N, and funtionals f∗n ∈ C[0, 1]∗, n = 0, 1, 2 . . ., reursively with the following
properties:
(i) ‖fn‖ = 1, ‖fn|∆n‖∞ = 1 and ‖fn|[0,1]\∆n‖∞ 6 εn.
(ii) All the fn are linear splines and fn(t) = 0 in all the non-smoothness points
of fk, k < n, as well as in the points 0, 1/3, 2/3 and 1.
(iii) Every fn|(2/3,1) is linearly independent of {fk|(2/3,1)}n−1k=0 .
(iv) The measure representing f∗n is supported in (2/3, 1).
(v) f∗n(fm) = 0 when n 6= m, and f∗n(fn) = 1.
Let us explain the onstrution. Sine f0|(2/3,1) 6= 0, we an selet f∗0 supported
in (2/3, 1) with f∗0 (f0) = 1. Now we are going to selet f1. The onditions (ii)
and (v) on f1 mean that the linear spline f1 must satisfy a nite number of linear
equations:
f1(0) = f1(1/3) = f1(2/3) = 0, f
∗
0 (f1) = 0,
so the set of splines supported on a xed non-void interval satisfying these onditions
is a nite-odimensional subspae. Selet a norm-one spline g1 ∈ C[0, 1] supported
on ∆1 satisfying the equations above. Find a spline h1 ∈ C[0, 1] of norm less
than ε1, supported on (2/3, 1) \ ∆1, linearly independent of f0|(2/3,1)\∆1 and also
satisfying the linear equations for f1. Then f1 := g1+h1 will serve its purpose. By
linear independene of f0|(2/3,1)\∆1 and f1|(2/3,1)\∆1 = h1, we may nd a measure
supported on (2/3, 1) (and even more: on (2/3, 1) \∆1) whih annihilates f0 and
takes the value 1 on f1. Take this measure as f
∗
1 . Then, in the same way we
onstrut f2, then f
∗
2 , et.
Now, we take X := lin{fn}n∈N∪{0}. The property (i) ensures that X is C-rih in
C[0, 1]. Thanks to the property (ii), {fn}n∈N∪{0} forms a monotone basi sequene
(i.e. a basis of X), and property (v) gives us that the oordinate funtionals an be
written as restritions of f∗n to X .
Sine X is C-rih, there is a funtion g ∈ SX whih attains its norm only on
(0, 1/3). Fix x∗0 ∈ ext(BX∗) with x∗0(g) = 1. Let µ ∈ SC[0,1]∗ be a measure
representing x∗0. Then, µ is automatially supported on (0, 1/3), so x
∗
0(f0) = 0.
What remains to prove is that f0 ∈ ext(BX). To this end, we onsider h ∈ X suh
that ‖f0 ± h‖ = 1. Sine f0(t) = 1 for t ∈ (2/3, 1), we have that h = 0 on (2/3, 1).
But then, h =
∑∞
n=0 f
∗
n(h)fn ≡ 0. 
In the omplex ase, an easier example an be onstruted.
Example 5.2. There is a C-rih subspae X of the omplex spae C(T) (in par-
tiular, X is lush and so n(X) = 1), and extreme points x∗0 ∈ BX∗ and φ0 ∈ BX
suh that x∗0(φ0) = 0.
Proof. Let A(D) be the disk algebra, onsidered as a losed subspae of C(T).
Then, A(D) is C-rih in C(T). Indeed, let ϕ(z) = exp(z)/e for every z ∈ D. Then,
‖ϕ‖ = |ϕ(1)| = 1 and there is no other point on T but z = 1 where ϕ attains its
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norm. Then, the family
A = {ϕn(z0 ·) : n ∈ N, z0 ∈ T}
belongs to A(D), and for every ε > 0 and every open subset U of T, we may nd
an element of A whih is at ε-distane from a funtion whose support is inside U .
Let X = lin
{
A(D), φ0
}
, where φ0 is any funtion in C(T) for whih there are
non-empty open sets U1, U2 and U3 of T suh that φ0 ≡ 1 on U1, φ0 ≡ −1 on U2
and φ0 ≡ 0 on U3. Then, X is C-rih beause it ontains A(D). Next, φ0 is extreme
on BX . Indeed, if g = αφ0 + f ∈ X is suh that ‖φ0 ± g‖ 6 1, then g ≡ 0 on
U1 ∪ U2, so f ≡ α on U1 and f ≡ −α on U2. It follows that α = 0 and so g = 0.
Also, for every z ∈ T, the funtional δz is extreme in BX∗ . Namely, for every z ∈ T
there is a funtion ϕ ∈ A(D) whih attains its norm only at the point z. Then,
there is an extreme point x∗ of BX∗ suh that |x∗(ϕ)| = 1. Then, the norm-one
measure whih represents x∗ must be supported on z (otherwise the integral would
be stritly smaller than 1), so x∗ is of the form θδz . Finally, taking z ∈ U2 and
alling x∗0 = δz, we have that x
∗
0 ∈ ext(BX∗) and x∗0(φ0) = 0. 
Let us omment that the extreme points f0 and φ0 of the examples above are
not rotund. In fat, we do not know if a rotund point may exist in a lush spae
with dimension greater than one. We reall that a point x in the unit sphere of a
Banah spae X is said to be rotund if it is not an element of any nontrivial losed
segment in the unit sphere or, equivalently, if ‖x+ y‖ = 2 for some y ∈ BX implies
y = x.
To nish the setion, we show that in the previous examples the extreme points
of the unit ball annot be w∗-extreme. We will use this to show that there are no
lush spaes whih are WMLUR.
Proposition 5.3. Let X be a lush spae. Then, for every w∗-extreme point x0 of
BX and every x
∗ ∈ ext(BX∗), one has |x∗(x0)| = 1. In partiular, this happens for
WMLUR points of BX .
Proof. We x a w∗-extreme point x0 of BX . By Lemma 4.2, there is a subset Kx0
of ext(BX∗) norming for X suh that x0 ∈ aco(S(k∗, ε)) for every ε > 0 and every
k∗ ∈ Kx0 . Then, sine x0 is an extreme point of the bidual ball, the same argument
as at the end of the proof of Theorem 4.3 shows that for all k∗ ∈ Kx0
|x0(k∗)| = 1.
Sine Kx0 is norming for X , we have that BX∗ is the weak
∗
-losure of aco(K˜), and
the reversed Krein-Milman theorem gives us that the set ext(BX∗) is ontained in
the w∗-losure of TKx0 . The result follows sine x0 ∈ X . 
As a onsequene, we have the following prohibitive result. In the real ase, it
is a partiular ase of Corollary 4.6, sine WMLUR spaes are stritly onvex.
Corollary 5.4. Let X be a lush spae. Then, X is not WMLUR (in partiular, it
is not MLUR), unless it is one-dimensional.
Proof. Sine X is a WMLUR, Proposition 5.3 gives us that |x∗(x)| = 1 for ev-
ery x∗ ∈ ext(BX∗) and every x ∈ SX . But this learly implies that X is one-
dimensional. 
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Let us mention that another onsequene of Proposition 5.3 is that every w∗-
extreme point of a lush spae is atually MLUR, as the following remark shows.
Remark 5.5. Let X be a Banah spae and let x be a point in BX so that
|x∗(x)| = 1 for every x∗ ∈ ext(BX∗). Then, x is an MLUR point of BX . Indeed,
xed y ∈ X , we take x∗ ∈ ext(BX∗) so that x∗(y) = ‖y‖ and we estimate as follows
max
±
‖x± y‖ > max
±
∣
∣x∗(x)± ‖y‖∣∣ > (|x∗(x)|2 + ‖y‖2)1/2 = (1 + ‖y‖2)1/2 .
Finally, we present an example showing that the results above are not valid for
Banah spaes having the alternative Daugavet property. We do not know whether
they are true for spaes with numerial index 1.
Example 5.6. The real or omplex spae X = C
(
[0, 1], ℓ22
)
has the alternative
Daugavet property (and even the Daugavet property). However, there exist x∗0 ∈
ext(BX∗) and a MLUR point f0 of BX suh that |x∗0(f0)| < 1.
Proof. First, C([0, 1], ℓ22) has the alternative Daugavet property by [36, Theorem 3.4℄,
for instane. Now, we x any x0 ∈ Sℓ2
2
and onsider f0 ∈ SX given by f0(t) = x0
for every t ∈ [0, 1]. To prove that f0 is an MLUR point in BX , we take g ∈ X and
we observe that
max
±
‖f0 ± g‖ = sup
t∈[0,1]
max
±
‖x0 ± g(t)‖ > sup
t∈[0,1]
(
1 + ‖g(t)‖2)1/2 = (1 + ‖g‖2)1/2.
We notie that the above inequality beomes an equality when one onsiders g ∈ X
given by g(t) = x⊥0 for every t ∈ [0, 1], where x⊥0 ∈ Sℓ2
2
is orthogonal to x0. Finally,
it sues to take x∗0 ∈ ext(BX∗) so that x∗0(g) = 1 to get the desired ondition.
Indeed, √
2 = max
ω∈T
‖f0 + ω g‖ > max
ω∈T
|x∗0(f0) + ω| = 1 + |x∗0(f0)|,
so |x∗0(f0)| 6
√
2− 1 < 1. 
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